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Abstract: We study the Matrix theory from a purely canonical viewpoint. In 
particular, we identify free particle asymptotic states of the model corresponding to 
the 11D supergraviton multiplet along with the split of the matrix model Hamiltonian 
into a free and an interacting part. Elementary quantum mechanical perturbation 
theory then yields an effective potential for these particles as an expansion in their 
inverse separation. We discuss how our scheme can be used to compute the Matrix 
theory result for the 11D supergraviton S matrix and briefly comment on non-eikonal 



^ . and longitudinal momentum exchange processes. 
> 

X. 

cS ■ 1 The model. 

Matrix theory |l] is the conjectured description of M theory in terms of a supersym- 
metric matrix model. At low energies and large distances M theory, by definition, 
reduces to 11D supergravity. In this talk we explicitly construct asymptotic particle 
states in Matrix theory to be identified with the 11D supergraviton multiplet and 
study the scattering of these states. 

The Hamiltonian of the Matrix theory is that of ten dimensional U(N) super 
Yang-Mills dimensionally reduced to + 1 dimensions @ and arises from two dis- 
parate viewpoints. On the one hand, it is the regulating theory of the eleven dimen- 
sional supermembrane in light cone gauge quantization [[| and on the other, it is the 
effective Hamiltonian describing the short distance properties of DO branes 0, |5], [| . 
Employing the conjecture of M, the finite N model is to be identified with the com- 
pactification of a null direction of M theory (henceforth called the — direction). The 

1 Talk presented at the "31st International Symposium Ahrcnshoop on the Theory of Elementary 
Particles" Buckow, September 2-6, 1997. 
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quantized total momentum of the U(N) system in this direction is then given by 
P_ = N/ R, where R denotes the compactification radius. 

We shall be primarily interested in the U(2) theory, studying the Hilbert space of 
two supergravitons with momentum P_ = 1/R each. The coordinates and Majorana 
spinors of the transverse nine dimensional space then take values in the adjoint 
representation of U(2), i.e. 

X, = X°il + X A ia A M = l,...,9 (1.1) 
9 a = 6 Jl + 6 A ia A a = l,...,16 (1.2) 

where a A are the Pauli matrices. We shall often employ a vector notation for the 
SU{2) part in which X p = (X^X^X*) = (X A ) and similarly for 9. 
The Hamiltonian is then given by 

H = H CoM + l -P, ■ P p + i(X M x X v f + l -X p ■ 7/1 x (1.3) 

where H CoM = |-RP°P° is the U{1) centre of mass Hamiltonian. Note that we are 
using a real, symmetric representation of the £0(9) Dirac matrices in which the nine 
dimensional charge conjugation matrix is equal to unity. 

The Hamiltonian ( |1.3|) is augmented by the Gauss law constraint 

L = X,xP p - l -6x6 , [L A ,L B ] = ie ABC L c (1.4) 

whose action is required to vanish on physical states. 

The task is now to identify the free asymptotic two-particle states of the Hamilto- 
nian (11.3Q which describe the on-shell supergraviton multiplet of eleven dimensional 
supergravity. This problem manifestly factorises into a U(l) centre of mass state 
and an SU(2) invariant state describing the relative dynamics of the particles. 

2 The centre of mass theory. 

The eigenstates of the free U(l) centre of mass Hamiltonian Hq m are 

\h ■ h B h A — P ik v x °\h B h A (9 %\ 

and possess transverse SO (9) momentum and on-shell supergraviton polarisa- 
tionsQ/i^, B^ V p and h^a (graviton, antisymmetric tensor and gravitino, respectively). 
The state \h^ U) B^ vp) h^ & ) is the 44 © 84 © 128 representation of the centre of mass 
spinor 6° degrees of freedom. The construction of this state is carried out in detail 
in H and allows the explicit calculation of the spin dependence of Matrix theory 
supergraviton amplitudes. In order to define the fermionic vacuum and creation and 

2 Note that the polarisation tensors h^, B^ vp and h^ec correspond to physical polarisations. The 
Matrix theory does away with unphysical timelikc and longitudinal polarisations at the price of 
manifest eleven dimensional Lorentz invariancc. 
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annihilation operators one performs a decomposition of the SO (9) Lorentz algebra 
with respect to an SO (7) ® t/(l) subgroup 0. This is done as follows. Firstly 
split vector indices \i = (1, . . . , 9) as (m = 1, . . . , 7; 8, 9) so that an 50(9) vector 
may be rewritten as (V m , V, V*) where V = V$ + iV 9 and V* = V$ — iV 9 . For an 
50(9) spinor the same decomposition is made by complexifying, in particular, for 
the canonical spinor variables we have 

A= + + * At= + ' (2.6) 

where the subscript ± denotes projection by (1 ±7g)/2. The canonical anticom- 
mutation relations are now {A^A^} = 5 af 3 where a,/3 = 1,...,8 and we define 
the fermionic vacuum |— ) by A|— ) = 0. We denote the completely filled state by 
|+) = A|...Ag|— ). One finds then the following expansion for the supergraviton 
polarisation state 

B m n\ )mn ~)~ ~^B m \ziz^ m -\- — B mn p\'il) mn p B „ "H/rr 
O 



V2\ 



(2.7) 

The states in ( j2.7| ) transform covariantly with respect to 50(7) £§) f (1) and are 
defined in ^ 



3 Asymptotic states. 

Relative motions are described in the Matrix theory by the constrained SU(2) quan- 
tum mechanical matrix theory defined above. However, spacetime is only an asymp- 
totic concept in this theory. In particular diagonal matrix configurations, i.e., those 
corresponding to Cartan generators of SU(N), span flat directions in the matrix 
model potential and describe spacetime configurations [|TJ. Transverse directions are 
described by supersymmetric harmonic oscillator degrees of freedom, as we will see 
below. 

Due to the gauge constraint (|1.4fl quantum mechanical wavefunctions must be 
invariant under SU(2) rotations so that there is no preferred Cartan direction. To 
find asymptotic states corresponding to supergraviton (i.e., spacetime) excitations in 
a gauge invariant way we proceed as follows. Let us suppose we wish to study states 
describing particles widely separated in the (say) ninth spatial direction, then we may 

simply declare the SU(2) vector X 9 to be large. The limit |X 9 | = \J X 9 ■ X 9 — > oo is 
SU(2) rotation (and therefore gauge) invariant. We search for asymptotic particle- 
like solutions in this limit. 
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To this end it is convenient to employ the (partial) gauge choice in which one 
chooses a frame where Xg lies along the z-axis, 

Xl = = Xl . (3.8) 

Calling Xg = (0,0, x) and X a = (Y^,Y^,x a ) (with a = 1,...,8) the Hamiltonian in 
this frame then is H = Hy + H B + H F + H 4 whereQ 

#v = -^(d x fx-\(d Xa f (3.9) 
#b = -\{±jf + \r^YlYl (3.10) 

H F = r0 f 79 (3.11) 
H 4 = "rest". (3.12) 

The sum of the Hamiltonians H B and Hp is that of a supersymmetric harmonic 
oscillator with frequency r and describes excitations transverse to the flat directions. 
Particle motions in the flat directions correspond to the Hamiltonian Hy whereby 
we interpret the Cartan variables x^ = (x a ,x) asymptotically as the 50(9) space 
coordinates. 

The Hilbert space may be treated as a "product" of superoscillator degrees of 
freedom and Cartan wavefunctions depending on x^ and the third component of 9 
via the identity 

H = \m) (m\H\n) (n\ (3.13) 

where {|n}} denote the complete set of eigenstates of H B and H F . Since the frequency 
r of the superoscillators is coordinate dependent, operators d/dx^ do not commute 
with |n) so that this "product" is not direct. This construction allows us to study 
an "effective" Hamiltonian H mn (x fl ,d Xll ,6 3 ) = (m\H\n) for the Cartan degrees of 
freedom pertaining to asymptotic spacetime. In particular the free Hamiltonian is 
given by the diagonal terms[] 

#o = E \ n ) H (#v + H B + H F - %\ \n) (n\ (3.14) 

and the interaction Hamiltonian then reads H\ nt = H — i^coM — H$. Since super- 
symmetric harmonic oscillator zero point energies vanish, eigenstates of ( |3.14| ) are 

\k^,h^,B^ p ,h^) = -e^lV^^,^) ® |0 B ,0 F > (3.15) 



3 The spinors 9 are built from 9 1 and 9 2 by complexification and a spin(9) rotation (see M). 
Note that r 2 = x a x a + x 2 . 

4 We subtract terms c n /r 2 to ensure the correct asymptotic behaviour of the interaction Hamil- 
tonian. A detailed explanation of this point may be found in |p| . 
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where \0b,0f) is the supersymmetric harmonic oscillator vacuum. These states sat- 
isfy the correct free particle dispersion relation 

H(j\kf Jj , fapui 'Bpvpi hpSc) l^P^P \^pi ^pu, ^pvpi hpa) • (3.16) 

Here, the supergraviton polarisation multiplet {h^, B^ up , h^) is built from the 44 © 
84 © 128 representation of 9 3 as in (p77|). 

Therefore, upon taking the direct product of an asymptotic state (|3.15|) with a 
centre of mass eigenstate ( |2~5| ) 

|1, 2) = e^K 1^, g, | 0b , 0f > © \h\ v , B^ p , ^-) e o +e a © \h%, B%, p , h%) e o^ 

(3.17) 

one obtains a state describing a pair of supergravitons widely separated in the ninth 
spatial direction. Its interactions, which die off as x — > oo, are governed by Hi nt . 



4 Scattering amplitudes. 

The 2 — > 2 supergraviton scattering amplitude is then obtained by elementary 
quantum mechanical scattering theory as 

-WT\i \ _ xruftat ,Jot\ / -j j 



lim (l',2'|e-^ T |l,2) = 6(k™ - fcj*) / 4vrx 2 (fx, (4.18 



(W ,H | Hes(xu,, du-, & ) \H , 7i ) 

a; .t 

where we have introduced \H\ H 2 ) = \h] lv , B^ up , Kj^go+ga © \h 2 pin B^, h^eo-gs and 
similarly for \H l ,7i 2 ). The leading (Born) approximation to the "effective" Cartan 
Hamiltonian H-^s is given by 

H^ {l \x^d x ^6%) = (0 B ,0 F \H lnt \0 B} F ) (4.19) 

and higher order contribution are obtained from the Lippman-Schwinger expansion 

Hes(xp, <9 m , 0%) = (Ob, Of | -Hint | Ob, Of) + {Ob, Of | -Hint E-H +ie -Hint I Ob , Of) 

+ {0 b , Of I -Hint R _M n +i f Hi nt * -Hint I Ob, F ) + . . . (4.20) 



which due to the scaling behaviours Hi nt ~ C(x _1//2 ) and -H ~ 0(x) turns out to 
be an expansion in 1/x the inverse separation of the two supergravitons ||. 

The leading term of H-^s is on dimensional grounds of order 1/r 2 and receives 
contribution at first and second order perturbation theory in the sense of ( 4.20j) . 
An explicit computation |§ shows that these two contributions precisely cancelQ. 
This supersymmetric cancellation is in accordance with the two loop semiclassical 
background field path integral calculation of 0] and yields a strong test of our 

5 Similar computations have been performed in a different context in fici|| . 
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proposal. Higher order contributions should then capture the revered v A /r 7 potential 
for DO particles [|i~2 |. 



Let us stress at this point, however, that the amplitudes (|4.19| ) are restricted to 
the eikonal kinematical regime (i.e. high energy, straight line), as the asymptotic in- 
and outgoing supergraviton pairs are widely separated in the same (in this case 9th) 
spatial direction. Scattering amplitudes at arbitrary angles (cr^) may be obtained 
by performing an SO (9) rotation of the outgoing state, i.e. 

(i',2'|exp(^L^ (9) ) exp(-iHT)\l,2) (4.21) 

where £30(9) denotes the generator of SO (9). 

The 2 — > 1 supergraviton scattering channel of the U(2) Matrix theory hinges 
on the knowledge of the zero-energy groundstate |GS) of the SU{2) supersymmetric 
quantum mechanics (which exists, according to [[II], [T^]). The "1" supergraviton 
state with P_ = 2/R is then given by the direct product of the U(l) centre of mass 
state \k}^ ,7i l ) with |GS). Therefore the 2 — > 1 amplitude reads 

lim <l'|e-^ T |l,2) = (k^,n V \ <8> (GS| exp(-iHT) \k^ k^H 1 ,H 2 ) 

= M,n 1 ^®{G^\klkl-n\'H 2 ) (4.22) 



since if|GS) = 0. Exact knowledge of the state |GS) would yield us the com- 
plete non-perturbative answer for this process involving longitudinal momentum ex- 
change. Recently there has been some progress towards uncovering the structure of 
the ground state |L4|, 
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